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Table 3 Comparison of present with previous perfect gas results®

Altitude, kft — 70 100 120 170 200 220 250 280
Velocity X 10-3— 36 26 40 35 26 28 45 32
M, 0.33 —1.19 —1.95 —2.13 0.92 1.97 3.57 4.46
ps/p1 —0.79 0.24 —0.86 —0.49 —0.56 —0.49 —0.73 0.14
ps/p1 0.44 —92.47 —4.03 —4.35 1.70 3.79 7.10 8.98
Ts/Th 1.38 —2.64 —3.41 —3.75 2.62 4.56 7.93 8.96
Hy/H, 1.03 —1.99 —3.53 ~3.85 2.17 4.33 7.64 9.46
Hy/H, 1.09 —1.96 —3.47 —3.83 2.23 4.38 7.66 9.50
po’/p1 0.44 —2.52 —4.07 —4.35 1.67 11.6 7.12 8.92
Ty /T1 1.34 —2.54 —3.35 —3.71 2.59 8.83 7.97 8.97

@ Data shown were computed from percent difference = 100 [x(Marrone) — x(present results)]/x(present results).

mal shock stagnation conditions. The data were presented
in graphical and tabular form over the ranges of alt = 10%
(10%4 X 105 ft and velocity = 6000(1000)50,000 fps. The
calculations were based on the imperfect air thermodynamic
properties of Hilsenrath and Klein® and Lewis and Neelf
and the 1962 U. S. Standard Atmosphere.?

Some of the results of the calculations are shown on Figs.
1-3. The sphere stagnation heat-transfer rates were com-
puted from the Fay and Riddell formula® in the form used pre-
viously by Lewis and Burgess®:

gl V2 = 7.55274 X
1073 puinn) - (po’ 1t0") >4 (Ho — Ho) (po’/ po”) %%

in Btu(in.)12/ft2sec. The viscosity data were obtained from
Hansen;" Lewis number was assumed unity, the sphere
radius is in inches, and w and 0’ denote wall (T, = 300°K)
and normal shock stagnation conditions.

Table 1 shows the ranges of conditions considered in the
imperfect gas calculations of Lewis and Burgess and two pre-
vious perfect gas calculations of Witthiff and Curtis? and Mar-
rone.® As noted in the table, the freestream stagnation con-
ditions were not presented in the earlier perfect gas results,
and it is these data that are most affected by imperfect gas
effects.

A comparison was made between the 1959 Air Research and
Development Command (ARDC) model'! and the 1962
standard atmosphere used in the present work, and the re-
sults are shown in Table 2. The differences near 220,000 ft
are as large as 159, and affect the normal shock solutions.

A comparison was made between the present results and
those of Marrone?® based on the 1959 model atmosphere.
The results of that comparison are shown in Table 3. The
differences shown in Table 3 are mainly due to differences in
the standard atmospheres and are not due to imperfect gas
effects since the densities are too low [or these effects to be
important. The freestream stagnation conditions shown on
Tig. 1 above about 100 atm are, however, affected by imper-
fect gas effects.

The present results are based on the most recent thermo-
dynamic data and model atmosphere known to the authors.
Differences of about 109, were indicated in normal shock

5 Hilsenrath, J. and Klein, M., “Tables of thermodynamic
properties of air in chemical equilibrium including second virial
corrections from 1500°K to 15,000°K.,” Arnold Engineering De-
velopment Center TDR~63-161 (1963).

6 Lewis, C. H. and Neel, C. A.; “Thermodynamic properties
for imperfect air and nitrogen to 15,000°K,”” ATAA J. 2, 1847-
1849 (1964).

7 U. 8. Standard Atmosphere, 1962 (U. S. Government Print-
ing Office, Washington, D. C., 1962).

8 Fay, J. and Riddell, F. R., “Theory of stagnation point
heat transfer in dissociated air,”” J. Aerospace Sci. 25, 73-85, 121
(1958).

® Lewis, C. H. and Burgess, E. G., III, “Charts of sphere
stagnation heat-transfer rate in air and nitrogen at high tempera-
tures,” Arnold Engineering Development Center TDR-63-139
(1963); also ATAA J. 1, 1927-1929 (1963).

10 Hansen, C. F., “Approximation for the thermodynamic and
transport properties of high-temperature air,”” NACA TN 4150
(1958).

11 Minzner, R. A., Champion, K. 8. W., and Pond, H. L.,
“The ARDC model atmosphere, 1959, Air Force Cambridge
Research Labs. TR-59-267 (1959).

Vibration of Hub-Pin Plates

R. R. Crate* anp H. J. Prasst
University of Texas, Austin, Texas

REVIOUS investigations have presented experimental

data for the mode shapes and frequencies of rectangular,
triangular, and skewed cantilever plates.%?  Recent experi-
mental studies have confirmed the results of previous tests
on cantilevered plates and also provided vibration data for
hub-pin plates. The frequencies and nodal patterns of a
square cantilever plate, a square hub-pin plate, a 45° canti-
lever plate, and a 45° hub-pin plate are shown in Fig. 1. A
dimensionless frequency parameter Qis given, where

Q = 2xf/(D/pha*)V?

. . . f = frequency in cps
wave properties when compared with previous perfect gas D = plate stiffness = Eh3/12(1 — »?)
results. These results are considered significant and the o = density
tabul_ated data in Ref. 4 are designed to permit easy inter- 5 = thickness
polation. a = length of root chord
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Detailed deflection data for the hub-pin plates vibrating in
the indicated modes are available in Ref. 4.

The frequencies and mode shapes were obtained by use of
an electromagnetic shaker and a capacitance deflection
probe shown in Fig. 2. The rotational restraint pin and a
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Fig.1 Frequencies and nodal patterns for vibrating
plates.

MAGHEDIC C?{U%

Fig. 2 Hub-pin plate mounting jig and eapacitance
deflection probe.

portion of the bearing-mounted hub may also be seen in Fig.

2. The deflection probe was supported by a magnetic chuck,
which served to provide a rigid base and a convenient means
of positioning the probe at various locations on the test plate.
The entire deflection probe support was isolated from the base
that supported the test plate and the electromagnetic shaker.
The electromagnetic shaker and deflection probe are described
more fully in Refs. 3 and 4.
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Weak Radiation from a Hypersonic
Shock

Ince L. RyamiNg*
Aerospace Corporation, El Segundo, Calif.

REGULAR shock in a one-dimensional supersonic flow

may be regarded as a discontinuity in the temperature T,

the velocity u, ete., such that the shock can be deseribed in

terms of step functions. However, a step-function behavior

of the temperature of the medium produces a radiative heat

flux. Assuming, for simplicity, that the medium is grey, the
radiative flux can be calculated from the formula?

26 = 20 [T e - OBE - 2)ar )

which defines §(£) as a radiative flux in the negative z direc-
tion; ¢ is the Stefan-Boltzmann constant, £ is the optical
depth, and E,(z) is a particular form of the integro-exponen-
tial function E.(x) of general order n (see Ref. 1, p. 253). If
the jump of a temperature step function is located at & = 0,
one readily obtains from Eq. (1) the corresponding flux as
given by the formula

7(8) = 20[T*)LEs( &) @)

showing that g(£) is continuous and symmetric with respect
to £ = 0. InEq. (2) the symbol [ ], stands for the jump in
the quantity within the brackets across the discontinuity,
ie.,

[T%]e = To+* — Top-* 3)

For a shock wave in cool air, the ratio of the maximum value
of g, which according to Eq. (2) occurs for £ = 0, and the
kinetic energy of the freestream, i.e., o[T%]o/4p-Us3, is small
for a wide range of flow conditions of practical interest. We
shall limit the discussion here to such cases. It is then clear
that the weak radiative flux produced by the discontinuity in
the temperature across the shock will cause the flow ahead of
and behind the shock to change, such that profiles are ob-
tained in all flow quantities. We shall calculate these profiles
using' a simple perturbation analysis of a hypersonic shock
in a cool gas.

Taking the governing gasdynamic equations in the hyper-
sonic approximation, and assuming for simplicity a perfect gas
with constant specific heats, one can readily derive the fol-
lowing integral equation for the velocity across the shock

2y, _x*tl.,
vy —1

4005 (+o
y—1" L+ poRRt f

(w — u)isgn(t’ — HE(E — EDdE’ (@)

where « is the ratio of the specific heats, R the gas constant,
U., the unperturbed freestream velocity, p. the unperturbed
freestream density, and » is a nondimensional velocity equal
to the actual velocity divided by U.. An equation similar
in form to Eq. (4), but applicable in the entire supersonic range
was derived and fully investigated by Heaslet and Baldwin.?
If the radiative flux term is disregarded in Eq. (4), the velocity
ahead of and behind the shock have the well-known values

£>0: u=(—-D/(v+ 1D

A weak radiative flux will perturb these values, such that we

— @

£<0 u=1
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